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1. Introduction

Research on vintage capital models reached its zenith in the mid-1960’s. Vintage capital
research declined after the 1960’s because of both technical difficulties inherent in the models
and the conclusion of the papers that equilibrium growth rates are not affected by the choice of
how technology is modeled. The classic papers of this era, Solow (1959), Phelps (1962), Phelps
(1963), and Solow, Tobin, Weizsédcker, and Yarri (1966), examine neoclassical, non-
optimization, growth models in which technological growth and the savings rate are exogenous
parameters. Berger (2001) examines optimization versions of these classic papers, and showed
that the vintage and non-vintage putty-putty models are characterized by substantially different
transitional dynamics. The rate of 6-convergence, the rate at which per-capita output levels
converge, and the rate of B-convergence, the rate at which the growth rate of output approaches
the steady state growth rate, are significantly higher in putty-putty vintage capital models than
their non-vintage counterparts. These differences are the result of the different optimal savings
rates under the vintage and non-vintage regimes.

While the neoclassical framework illustrates potential differences arising from modeling
technology as embodied (vintage capital) or disembodied (non-vintage capital), the assumption
that the growth rate of technology is exogenous may be viewed as excessively restrictive.
Improvements in technology often arise as the result of dedicated research. In this paper, I
examine two-sector growth models in which there is a final goods sector and a research sector.
The models are non-scale models in that the equilibrium growth rates of the economy are
unaffected by the size or scale of the economy. The models are putty-putty, meaning that there

is factor substitutability at both the time of installation of the capital and for all time thereafter.



Eicher and Turnovsky (1999, 2001) provide a general framework for examining non-scale
balanced growth equilibria in two-sector models. I adapt their framework to the vintage capital
models.

I examine two models that differ in the way technology is produced. The first model
utilizes an AK production function in the research sector. In one-sector AK growth models, the
equilibrium growth rate is the product of the savings rate and the exogenous parameter A, the
constant marginal product of capital. AK models are therefore true endogenous growth models
in which actors in the economy affect the long-run growth rates. The same type of result arises
in the AK model of this paper. Different sectoral allocations of labor between the vintage and
non-vintage capital cases lead to different equilibrium growth rates.

The second model is a vintage capital version of the general two-sector model used in
Eicher and Turnovsky (1999, 2001). This model utilizes Cobb-Douglas production in the
research sector. Because the equilibrium growth rates do not depend on choice variable, the
growth rates are the same in the vintage and the non-vintage capital cases." While the vintage
and non-vintage versions have the same steady state growth rates, they do have different savings
rates and sectoral allocations of labor. Therefore, the convergence rates in the two versions are
likely to be different as they are in the neoclassical putty-putty model.

The paper is organized in the following manner. Section 2 discusses the common
characteristics of the two models of the paper, and the modeling differences between the vintage
and non-vintage cases. Section 3 is a discussion of the model with AK production in the

research sector. Section 4 discusses the model with Cobb-Douglas production in the research

"', Jones (1995) referred to models in which the steady state growth rates are unaffected by agents’ choices as “semi-
endogenous” growth models.



sector. Section 5 contains concluding remarks. Appendix 1 examines the production
maximization that occurs each period that leads to the formation of the aggregate capital stock

and indirect production function.

2. Common Model Characteristics
The models are central planner problems in which the planner maximizes the discounted
utility resulting from a flow of consumption. These are continuous-time optimal control

problems. The utility function used is a constant-elasticity of intertemporal-substitution utility

function:
L(Cl_” —1) for y #1
UC)=41-y (1)
InC for y=1
The objective function of the central planner is:
Maximize [ €U (C(t))dt p>0, y>0 2)
t=0

At each instant, the central planner makes a consumption/savings choice, and a labor allocation
choice. The choice variables are the level of consumption, C, and the fraction of labor devoted
to the final goods sector, m. Given the labor, capital, and technology stocks at an instant in time,
the labor allocation choice determines the output in the research and final goods sectors. The
consumption choice determines the allocation of final goods between consumption and
investment. Final goods not consumed are converted into capital at no cost. The model could be
equivalently written with the savings rate, rather than the level of consumption, as a choice

variable.



Depreciation is modeled in this paper as the standard “iceberg” depreciation for both the
capital stock and the technology stock. In other words, exogenously given fractions of the stocks,

J, and O, , wear out each period. In vintage capital models, the method of depreciation is less

trivial than in non-vintage models. Because capital is heterogeneous in vintage capital models, it
must be specified from which vintages the depreciation takes place. In this paper, each vintage
loses the same fraction of its stock. This method translates into a constant fraction of the
aggregate capital stock depreciating each period. The formulation of the aggregate capital stock
is discussed below and in the appendix. Results are given in the vintage and non-vintage cases

for d, and J, positive, and for &, = d, =0. The no depreciation case is important because it

highlights the fact that in the vintage capital versions of the models, older vintages are utilized
less (i.e. less labor is assigned to older vintages) for purely economic reasons rather than any
physical one.

The essence of vintage capital models is that the capital stock is heterogeneous.
Generally the heterogeneity stems from capital embodying different levels of technology that
makes newer vintages more productive. This increase in productivity can take many forms. For
example, in fixed factor models such as Phelps (1963) and Solow, Tobin, Weizédcker, and Yarri
(1966), the increase in productivity is often modeled as a lower labor requirement per unit of
capital, rather than an increase in potential output per unit of capital. This form of improvement
is called purely labor enhancing technological change. In this paper, there is a spectrum of
vintages, and final goods production utilizing each vintage of capital is represented by a unique

production function:

Y, = AN ()



Y, is the rate of output at an instant in time utilizing vintage v. A, is the technology inherent in
vintage V. 0,, 0y, and 0, are the exogenous elasticities associated with the subscripted factor.
N, is the labor assigned for use with capital of vintage v. Unlike in the fixed factor case, the

multiplicative nature of the Cobb-Douglas production function precludes differentiation between

“labor” enhancing and “capital” enhancing technological change. Letting mbe the fraction of

t
labor assigned to the final goods sector, then J- N,dv=mN, where V is the number of vintages
v=-V

available at t=0.

In equation (4), K, is the amount of capital of vintage v used. K, at time t is equal to the

investment corresponding to vintage V (or the exogenously given initial capital), discounted for

the depreciation which has occurred since that vintage’s installation:
K,=1,%"" for 0<v<t, K, =K,e™*" for v<0 4)

The total amount of capital at time t is:

t 0
K= [1,e*@av+ [ Ke*dv (5)
=-V

v=0 \%
where K is the given amount of each vintage at t=0. Taking the derivative of (5) with respect to

time gives the standard capital accumulation equation:

t 0
K=1- 51,5 ™Mdv- [ §Ke*dv=1 -gK (6)
v=0 ==V

t
Total outputis Y = I Y, dv. At each instant, output is maximized given the stocks of
v=-V

technology, capital, and labor assigned to the final goods sector. This maximization involves



allocating labor to each vintage of capital (Appendix 1). The optimal allocation of labor
resulting from this maximization enables the use of an indirect total production function Y,
utilizing an aggregate capital stock, Q. Solow (1959) was the first paper to utilize such an

aggregate stock. The indirect production function is:

Y = (mN)7 Q" (7
where
t Ia gk
Q= [ ATK v (8)
v=-V

It is interesting to note that the indirect production function utilizing the aggregate capital stock
exhibits constant returns to scale, regardless of the elasticities specified in the production
function of each vintage. However, the elasticities of technology and capital appear in the new
capital accumulation equation.

Because technology appears in (8), it is necessary to discuss depreciation of technology
before deriving the aggregate capital accumulation equation. Unlike the capital stock, which is
heterogeneous, there is a single technology stock for the economy. This technology stock can
also be thought of as a stock of knowledge. The level that the technology stock attains at each

point in time (corresponding to a vintage) is designated by A,. In this paper, technology

depreciation only appears in the technology accumulation equation, even though the technology
stock appears in the definition of the aggregate capital stock. The rationale is that in order to
keep the stock of knowledge constant, there must be some minimal investment in research in
order to maintain skills. This rationale does not imply, however, that the knowledge or

technology embodied by an existing unit of capital somehow depreciates within that capital. The



actual physical depreciation of capital is accounted for by J, , and therefore it is not necessary to

take into account any additional loss of aggregate capital that occurs due to technology

decreasing in the previously obtained stock. Using (4) and taking the time derivative of (8):

Q:A“‘;\NI“‘;N—[ I JcFKQ )

“Un
Q is the instantaneous change in the aggregate capital stock with respect to time. A is the level

of technology represented in the newest capital. If all capital utilizes the latest technology, then

from (3), the indirect total production function is simply:
Y = A% (mN)7N K% (10)

and (6), the standard accumulation equation, is used.

3. Model #1: AK Research Sector
In the standard neoclassical growth model, technological growth is exogenous and
increasing subject to a constant growth rate. The most natural extension of this phenomenon to a

two-sector model is the adoption of “AK” technology in the research sector:
A=(1-mgA-5,A (11)
where g is an exogenous parameter, and 0, is the depreciation rate of technology. The notation

is a little confusing because the “K” in “AK” refers to the stock, which in the research sector of
this paper is designated by “A.” The “A” in “AK” refers to the productivity of the stock. In this

paper, that term is the product (1-m)g. This is a natural extension of the neoclassical model

because if m, the sectoral allocation of labor, is exogenous as opposed to being a choice variable,



then the model reduces to the neoclassical model with an exogenous growth rate of technology.

Dividing both sides of (11) by A:

gp=— =(1-m)g -9, (12)

> >

From (12), it can be seen that the labor allocation choice determines the growth rate of
technology, and that, ignoring depreciation, @ is the rate of technological growth if all labor is
applied to research (m=0).

There are intuitive reasons why this is an appropriate form for the research sector. While
the central planner may choose the growth rate of technology, the choice is bounded. This has
intuitive appeal in that one can imagine that the growth of knowledge may be bounded for a
given time period. Basic research often takes time in order to be applied as shown in Adams
(1990). Also, new research builds on previous research. The requirement that many discoveries
must be found sequentially combined with empirically found gestation periods, limits the rate at
which new ideas can be discovered. g can be used to represent this upper bound.

For tractability and to coincide with the previous literature, this section of the paper will
focus on the case in which final goods production exhibits constant returns to scale in labor and

capital (o, +0, =1), and exhibits constant returns in technology (g, =1). These are the

parameter values used in Phelps (1962) and Berger (2001).

Non-Vintage Case

In the non-vintage case, the central planner’s problem can be summarized by the



following four equations: the objective function, the final goods production function, the
technology accumulation equation, and the capital accumulation equation respectively:

L C'Ve "dt 0>0,  y>0

1=y 40
Y = A(mN)' ™% K % 0<m<l, 0<og, <1
A=(1-m)gA-J,A 0<g<l, J,=0

K=Y-C-J,K =AmMN) %K% -C -5, K & =0

(13)

(14)
(15)

(16)

The optimality and transversality conditions resulting from the central planner problem can be

summarized by the following equations and (14)-(16):
C7=A

A g

® (1-0,)m 7N K%

oy i A P

1-m)g =9, +m *N"*K% — = p——

(1-m)g -9, o P o
O AM TKNTRKxT =4, = p—%

lime " ®A=lime ”AK =0

t-o tooo

@ and A are the shadow prices of technology and capital respectively. (17) equates the

(17)

(18)

(19)

(20)

21

marginal utility of consumption to the shadow value of capital. This makes intuitive sense since a

unit of consumption can be traded one-to-one for a unit of capital. Because laobr is

homogeneous, (18) equates the marginal value of fractional labor in the technology sector with

that in the final goods sector. (19) and (20) equate the returns to consumption with the returns to

technology and capital, respectively.
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I define a balanced growth path be one in which 1) all stocks and flows grow at a constant
rate, ii) Mis constant, and iii) the savings rate, S, is constant. From these conditions and the
production functions, the balanced growth rates of the primal variables can be determined.

Repeating equation (12):

g, :—2 =(1-m)g -3, 22)

K_ Y _C (1-
= = = = =— = +n = — mn 23
Oc =0y =0c =1 =7 = Oa g — (23)

(23) is very similar to the growth rate in the neoclassical one-sector model. The difference is
only that g, would be replaced by the exogenous growth rate of technology.

The growth rates of the shadow prices can be found by using (22) and (23) in

combination with the optimality conditions. Taking the time derivative of (17):

LA ya-m g
== yg, = - 24
N A i e vl (24)

Taking the time derivative of (18):

_(UK _y)(l _m) =3 _(UK _y)JA +(1
(1-0y) (1-oy)

AR

9o =——=(0-0)n+0, 9 *+9, —¥)n (25)

It can be shown that:

Or =90 =09a ~ 0Oy (26)
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Using the above growth rates, it is possible to write the optimality conditions in terms of
stationary variables. Let B, =0,/n, By,=0,/N, By =0/N,and B, =g, /n. Then on the
equilibrium growth path the following are stationary variables: ¢=C/N? |, a= A/N”,
k=K/N”, @=d/N? and A =A/N” . Substituting the stationary variables into the

optimality conditions, final goods production, and the accumulation equations:

¢’ =2 27)
A :LKU (28)

¢ (- k™
(1-m)g -3, +ml-7k ?—0 =P, (29)
ocam k™™ =5, = p-g, (30)
y =am 7Kk (31)
9, =(1-m)g -3, (32)

C

G = 1 O (33)

Substituting (28) into (29), I obtain an equation in which mis the only choice variable. Solving

for m:

2 (1= ym —gny) +(g =0 D) G

Analyzing (34) provides insight into what parameter values will provide an interior solution

(0<m<1). The results are shown in (35) and (36):

g>(-o)(p+m-n—-(y-)3 = m<l (35)
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y<1, g<dzg)@Hm=nm-a,(y-D

> 1_y
y=1 = m>0 (36)
y>1, g>1ZgJ@Hm=m =o(y-D)

b l—y

(35) is a statement that the addition to growth of sacrificing labor for research must be
sufficiently high if there is to be sustained sacrifice in the long run. Given y =1, (36) will hold
forany g>9,. If y<1, there is always a range of § for which (36) holds, but the size of the
range goes to zeroas y — 0.

Table 1 gives the benchmark parameter values for this model, while Tables 2 and 3

provide the values of m for a range of )y and §. Table 2 contains the results using the

benchmark parameters and Table 3 contains the results for when there is no depreciation. The
benchmark parameters are substantially the same as those used in the literature. The production
elasticities are the same as those in Berger (2001), while the depreciation rates are equal to those

used in Eicher and Turnovsky (1999, 2001). As would be expected, mis decreasing in § and

increasing in ).

——=-—— <0 (37)

oan_ gzo if y=1, g>J, (38)

(37) and (38) are expected because increasing § increases the return to allocating labor
to the research sector, and increasing ) increases the relative return to earlier consumption.

Tables 6 and 7 show the growth rate of output corresponding to the levels of m. All of the tables
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in this paper corresponding to growth rates and savings rates show non-zero values only when
the corresponding values of mare between 0 and 1.

Using the solution for m, (34), one can solve for the equilibrium growth rates of the

primal and dual variables. Substituting (31) into (30), I solve for % . Substituting % into (33),

yields E % and E give the savings rate:

5=11-00(P=n-5) -G +9,] & 39)
[(I_UK)(_n —o¢) 9 +5A] 4

From (39) it can be shown that:

y<—5'<+’0 = a—E>0
Oy 0g
O+ p 0s
=_K = —=0 40
y 5 o5 (40)
y>5'<+p = a—f<0
O« 09
If 5, =0:
ds _ poy(1- o)

05 _ >0 (41)
09 [(1-o)(-n-8)-F+3,] V

Tables 4 and 5 provide the values of the savings rate for ranges of ) and § under depreciation

and no depreciation regimes. Also from (39),

sgn(g_ij =sgn([(1-0,)(-n =) ~T +3][ (1 ~g)(p ) 7 I,]) (42)

_ . . .. 0s
For reasonable parameter values, the § terms will dominate the other terms, giving F <0.
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Vintage Case

In the vintage case, equations (43)-(46), the objective function, the final goods production
function, the capital accumulation equation, and the technology accumulation equation,
summarize the central planner’s problem. The differences between the vintage and non-vintage
cases appear in equations (44) and (46), the production function and capital accumulation
equations respectively. Writing the problem using aggregate capital, Q, the technology stock no

longer appears in the production function and now appears in the capital accumulation equation.

— L Peverad p>0;  y>0 (43)
-y
Y = (mN)"% Q% 0<m<l, 0<o, <1 (44)
A=(1-m)gA-J,A 0<g<l, J,=0 (45)
. )} 1
0= A% (Y ~C) ~5,Q =A™ (M) Q" ~C) -5,Q (46)

The optimality and transversality conditions are summarized by the following equations,
where ® and A are the shadow prices of technology and capital respectively, along with (44)-

(46). The interpretations of the equations are the same as in the non-vintage case.

1
Cr =A% (47)

-0y

(1 —O')A gy m—O'K Nl—O'K QO’K

A g
S (48)

1-og :

(l_m)g_JA +0_LA Oy (ml—UK NI—UKQUK _C)% :,0 _9 (49)

K

1 _
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lime " ®A=lime ”AQ =0 (51)

t- o t
Using the definition of a balanced growth path from the non-vintage case, it is possible to
solve for the equilibrium growth rates of the primal and dual variables using the production

functions and optimality conditions. From (45):

> | >

=7~ (I-mg _JA (52)

This is the same growth rate equation as in the non-vintage case. However, it will be shown that
the equilibrium value of mwill not generally be the same in the two cases. Thus, the equilibrium
growth rate of technology will be different, and therefore all of the growth rates will differ

between the two cases.
. 1 > 1
From (46), Q= SA/’KY -9,Q, s0 g, :% = SA/jK m~%«N'"%Q% ™ -9, . Taking the

time derivative of g, and then solving for g,:

=g, en=— g (53)
JK(I_JK) UK(I_JK) JK(I_JK)

9

Given the same labor allocation, the aggregate capital stock grows at a faster rate than the capital
stock in the non-vintage case. However, by the assumption of a constant savings rate in the
definition of equilibrium, the non-aggregated units of capital must grow at the same rate as
output in both cases. The growth rate of output is shown in (54) to have the same functional

form as in the non-vintage case. Taking the time derivative of (44) and then dividing by Y:

Y _C 1-m _
Oy = 0c ZVZE =0 Yo +(1 -, )n _1_0_ g JA 0 (54)
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As in the non-vintage case, it can be shown that the difference in the growth rates of the shadow
values of the two sectors is equal to the difference in the growth rates of the sectors themselves.
One can solve for the stationary variables using the same methodology as in the non-

vintage case. This leads to equation (55) which is solely a function of m(g,, 95, 9, and g,

being functions of m).

(9q +9)Mg
(I_JK)(p+5K _g/\)

=P~Uo —0a (55)

(55) is a quadratic equation in m, which can be written in the form d,nm’ +d,m+d, =0, where:

2 _ =2
dl:_(y JK+y 2yq+CQ)g (56)
o(1-0y)

There will be a unique solution to m if and only if d;, d,, and d; form a perfect square or d, =0.
It can be shown however that there is no combination of positive g, and ) such that d, =0.
Therefore, there will generally be two solutions to m, but depending on parameter values, there
may be no solutions such that 0 <m<1. Tables 8 and 9 give the values of m over a range of y
and g values, given the benchmark parameter values and the no depreciation case. Zeros in
tables 8 and 9 represent occurrences in which the solution to mis an imaginary number. Only
one solution for mis given for each (), g) combination. The other solution is not included
because it is very much a knife’s edge solution. For each y, there is only a range of § of .02
for which 0 <m<1.

Using the solution to M, one can solve for the equilibrium growth rates of the primal and

dual variables. Tables 10 and 11 give the savings rates corresponding to the values of m. From
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Table 10, it can be seen that g—f >0 for values of y<5. Because of the complicated nature of
g

. . . . . 0s ds
the solution for m, it is not possible to get closed form conditions for the sign of P and — as

g oy
in the non-vintage case.

The optimal sectoral allocation of labor is different between the vintage and non-vintage
cases. Thus, the equilibrium growth rates will be different between the two models, as shown in
tables 12 and 13. This is the first model that shows different equilibrium growth rates for vintage
and non-vintage cases. The growth rate of the non-vintage case is higher (i.e. m is lower) than
in the vintage case for parameter values in which m is an interior solution for both cases.
Intuitively this is because the marginal returns from increasing technology are higher in the non-
vintage case. In disembodied models, technology improves the entire production process. For
example, technological growth of 3% in the non-vintage case leads to output increasing by 3% if
there is no increase in factors. In the embodied technology case on the other hand, an increase in
technology of 3% only means that output will increase if it is accompanied by investment in the
capital stock. Also, if the new investment represents only a small fraction of the existing stock,
then the incremental production due to the new technology is far less than 3%. It can also be
seen from the tables that in the vintage case, a higher § is required to induce any labor to be
allocated to the research sector than in the non-vintage case.

Because the level of mdetermines the growth rate of the economy, economies with
different labor allocations will not converge in the long run either in the o -convergence or [ -
convergence sense. Since the allocation of labor between the sectors is affected by preferences,

economies with different preferences will not converge. This model provides one plausible
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explanation for the low benchmark measurements of convergence of approximately 2% in the
empirical literature.? It is possible that the cross-country regressions include economies with
different preferences, thereby mixing economies that do converge with others that do not,
resulting in a convergence rate which is below that shown in the theoretical literature.

For y>1, the savings rate of the vintage case is greater than the non-vintage case, as in

the neoclassical model. The savings rate is higher in the vintage model because the marginal
return to capital is higher in the vintage model. Investment provides not just additional units of
capital but entrée to new technology.

In the vintage model, the quantity of labor applied to a vintage goes to zero as the age of
the capital goes to infinity. Given an amount of labor, a newer vintage has a greater marginal
product of labor than an older vintage. Hence, equalizing the marginal products to maximize
output leads to less labor applied to older vintages, and given a reasonable labor growth rate,
each period the capital of any existing vintage contributes less output than it did the previous
period. Depreciation causes a similar effect but for a different reason. As capital ages, a
particular vintage will contribute less output each year because there is less of that particular
capital. The similarity in outcomes can be seen in the smaller difference between the savings
rates of the non-vintage/depreciation case and the vintage/no-depreciation case versus

comparisons of the other cases.

4. Model #2: Cobb-Douglas Resear ch Sector

The non-vintage model of this section is the model examined in Eicher and Turnovsky

* A rate of convergence of 2% was reported in Barro and Sala-I-Martin (1992).
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(1999, 2001). The model uses a Cobb-Douglas production function in the research sector. The
two factors of technology production are labor and technology. While the qualitative results for
m and s, relating the vintage case to the non-vintage case, are the same as in the previous
section, the growth rates only depend on exogenous parameters and therefore do not differ
between the two cases. Numerical results are given for the benchmark parameter values used in
Eicher and Turnovksy, as well as a no depreciation case. The benchmark parameters are listed in

Table 14. The benchmark parameters feature constant returns to scale in labor and capital for the

final goods sector (JN +0, = 1) , and increasing returns to labor and technology in the research

sector (I7N +N, > 1) . The results, however, are robust for both constant and diminishing returns

in the technology sector.

Non-Vintage Case
The central planner’s problem can be summarized by the following equations:

1

Py C'7e “dt 0>0, y>0 (57)
-y
Y =d, A% (mN)7¥ K % d, >0, 0<g <l (58)
A=d,(A-mN)™ A" -5,A  d,,3>0 0<n <l (59)
K=Y-C-6,K =d,A(mN)""K% -C -3 K & >0 (60)

The variables are the same as in the previous model except that 77, and 77, are the elasticities of

production in the research sector, and d, and d, are exogenous positive constants.
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The optimality and transversality conditions resulting from this model are summarized by

the following equations and (58)-(60):
C7=A (61)

A 3 ,7NdA(1 -m -1 Nf/N A’7A

g Iyl N] O o] (62)
® o, dA"M™NTNNKK
Nada(1=m)™ N A =5, +0,d, A (MmN K¢ % =p —% (63)
o (o) og -1 /\
o, d, A7 (mMN)? K% =5, = P (64)
lime *®A=lime " AK =0 (65)

t-o to o
The balanced growth path is defined as in the previous section, with labor allocation, the
savings rate, and the growth rates constant. Under these assumptions, it is possible to solve for

the equilibrium growth rates. Dividing (59) by A and taking the time derivative:

A_ ny
== n 66
9a =~ (66)

As shown in the previous section in the non-vintage case, the assumption of a constant savings
rate implies that output, the capital stock, and consumption grow at the same rate. Therefore,

dividing (60) by K and taking the derivative with respect to time:

_ . _ K _Y _C _ogyn+o,g9, _on,+o,(1-n,)
=9, =0Q.=— =— =— n 67
Ok =9 =9c K Y C -0, (-0 )1-1,) (67)
Taking the time derivative of (61):
g/\ — /\ — _ng - _ O-A,7N +0N (1 _,7A) n (68)

A (-0, )(1-n,)
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Taking the time derivative of (62):

[0
Jo ZE :(UN _,7N)n +0, O« +(JA _’7A)gA +0,

(69)
— (1 _UA)JN —(1 —O0, —0y ),7N —(1 _HA)VUN —VINOa n
(1 _,7A)(1 _JK)
It can be shown that:
Or =90 =9a ~ 0k (70)

All of the growth rates depend only upon exogenous parameters. Furthermore, they are all
proportional to the labor growth rate. This is a standard result in two sector Cobb-Douglas
models. While this result may contradict empirical evidence for single countries, a defense of
this result is if the economy being modeled is a “worldwide” economy. In that case, higher labor
growth is “beneficial to the growth of worldwide knowledge: the larger the population is, the
more people there are to make new discoveries.™

Defining stationary variables using the same methodology as in section 3, one can then

solve for those variables. The solution for the fraction of labor allocated to the final goods

sector, mis:
X
m=—"/— 71
T x (71)
where:
MO\ Gat0,

Using m, it is possible to solve for the savings rate:

* David Romer, (1990), Advanced Macroeconomics, McGraw Hill, p. 100.
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s= k(9 +3) (73)

P+ —0,
Table 14 shows the benchmark parameter values used in this section. These values are the same
values used in Eicher and Turnovsky (1999, 2001). Tables 15 and 16 give the values of selected
stationary variables for the benchmark parameters case and the no depreciation case

respectively.* The labor allocation to the final goods sector is increasing in y, and the savings

rate is decreasing in ).

%ZL_ o Jagm -G ey n>0 (74)
ay ,7NO—A(gA+5A) ay ,]\IO-A(gA-'-JA)(l_,l\)(l_O—K)
ax
om__Jdy >0 (75)
oy  (1+x)
o 0943 99, 0il9t ) (g ) < (76)
oy (p+3—9,) 9V (p+d& —9,)
Vintage Case

The central planner’s problem can be summarized by the following equations, where Q is
the aggregate capital stock. As in the AK model, the differences between the vintage and non-
vintage cases appear in the production and capital accumulation equations, (78) and (80).

IL C'7e “dt p>0, y>0 (77)
-y

Y =d, (mN)™ Q™ 0<m<l, 0<o <l (78)
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A=d,(Q-mN)™ A -5, A 0<n <1 (79)
Q= A" (d,(mN)™* Q"™ —C)"™ -[1 Tk JJKQ (80)

The optimality and transversality conditions resulting from this model can be
summarized by the following equations plus (78)-(80). @ and A are the shadow prices of

technology and capital respectively.

cv=_9 plo (Y _C)ﬁ_1 N (81)
-0y
A mdy(-m TN 52)
o lf; Tk gy =l N On (] -0
o A" (Y=C)iov d,m™'NQ™
_ o KIS )
du(1-my N AR =5, +-TA Ao (Y iy D =p -2 83
AN g (Y -C)ron g =P~ (83)
liT’;\N on Ol %_l ON () 9N JK — /\
g A7 (d, (MN)M Q™ —C)on d, (mN)* Q™ - 5 =p-— (84)
1-0y A\
lime " ®A=lime *AQ =0 (85)

to o to o0
The growth rates of output, consumption, and the shadow value of the technology stock
in the vintage case have the same functional forms as in the non-vintage case. The growth rate

of the aggregate capital stock is:

Opy TO\O¢ (1 _’7A) n
1-0,)(1-0,)(1-1,)

d :%: ( (86)

* Eicher and Turnovsky (1999,2001) have a computational error which causes their labor allocation variable to differ
from mine.
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The growth rate of the shadow value of the aggregate capital stock is:

A o o
=Dy - e g, -2 87
g/\ /\ [ y l_aNJgY l_a_N gA ( )

Unlike in the AK model, the growth rates are only functions of exogenous parameters. Hence
the growth rates that share functional forms between the vintage and non-vintage cases will be
the same. The levels of the stationary choice variables, however, will be different. Solving for

the savings rate:

S= (88)
g
+ K10, —
1Y (1_ o, j k ~9A
Solving for the labor allocation variable, m:
X
m=—"-_ 89
Trx (89)
where:
g
(,0+ Oa =90 ~/Ta(94 +5A))(1 ~0y) 0y ( P +[1 _; j & _g/\j

X = N (90)

g,
UAUNUK(9Q+£ 2_ ]@J(gﬁ@)

1-0,
Tables 17 and 18 give the values of selected stationary variables for the benchmark parameter
case and no depreciation case respectively.
The Cobb-Douglas research sector model produces similar qualitative results of the
equilibrium labor allocation and savings rates as the AK research sector model. The non-vintage

case has uniformly higher allocations to the research sector, reflecting the greater marginal
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returns to technology in that case. The allocation of labor for both the vintage and non-vintage

cases can be written in the form m= 1% It can be shown using (72), (90), and (70) that:
X

g
(I_JN)|:/0+1 ; O +99 Yo _gA:|

“Un

X, = Xy = On
0k[9Q+1_;N5kJ

where the subscripts refer to the vintage and non-vintage cases ( X, and X, respectively). For
y=1, (—gcIJ -g A) >(0. Therefore, the vintage case will have a higher fraction of labor allocated

to the final goods sector if the final goods production function has constant returns to scale in
labor and capital. The result is in fact more robust and will hold for most reasonable parameter
values found in the literature, but it does depend on the elasticities of labor and capital, the
discount rate, and gamma.

On the other hand, the savings rate is higher in the vintage case, reflecting the greater

marginal returns to investment in that case. If the production function has constant returns in

labor and capital, it can be shown using (73) and (88), that §, 2 s, , because g, = gy (these
terms are in the numerator of the savings rate equations) and —g, <-g, (these terms are in

the denominator of the savings rate equations).

Higher levels of ) encourage earlier consumption; and therefore, as is seen in the

neoclassical model, the savings rate declines in the vintage model as ) increases. As in the non-

09, 09,

: : 0s . . , .
vintage case, the sign of F is the sign of . Since is the same for both cases:
y
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9 g 92)
oy

For the same reason, increasing ) also leads to less labor allocated to the research sector. In

order for mto be positive and less than one, X must be greater than zero. The denominator of X is

positive and not a function of ). The numerator can be written as:

h(y) = af,(9,) F,(9a) (93)
where a is a positive scalar, f and f, are positive functions of the above growth rates, and

df, _ df, _
dg, dg,

-1. g, and g, are functions of y. So g—; has the same sign as g—; Also

a&<O and 99, < 0. Hence:

oy oy
0N _ o[ -%e ¢ _99n¢ | (94)
ay oy oy
and therefore % >0 and G_m >0.
oy ay

Eicher and Turnovsky (2001) show for the non-vintage case that the convergence rates of
the two sectors depend on the allocation of labor and savings rates. Therefore it is likely that the

convergence rates will differ between the vintage and non-vintage cases.

5. Conclusion
This paper demonstrates the significant impact on growth theory results of simplifying
assumptions of disembodied and exogenous technological. Growth theory is primarily

concerned with long-run growth rates, and the AK research sector model shows that equilibrium
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growth rates can differ between vintage and non-vintage models. Given the same parameter
values, the equilibrium growth rate of the vintage two-sector AK model is lower than in the non-
vintage model. Mine is the first demonstration that the equilibrium growth rate can be affected
by whether technology is modeled as embodied or disembodied.

Furthermore, vintage and non-vintage cases have differing returns to technology
production and investment. Therefore the choice variables related to these decisions have
different equilibrium values. The central planners of the vintage cases allocate less labor to
research and save a greater fraction of their output. It is the smaller fraction of labor allocated to
research in the vintage case that results in the lower steady state growth rate in the AK model.
Also, because the preference parameter affects the allocation of labor, preferences affect the
growth rate of output in the AK model. The implication is that economies with different
preferences will not converge in the long run. Eicher and Turnovsky (2001) show that stationary
choice variables affect the transitional dynamics in the two-sector, Cobb-Douglas, non-vintage
case. Having different optimal stationary values, it is likely that future research will demonstrate
that the vintage and non-vintage cases have different convergence rates, as Berger (2001) finds
in the neoclassical model.

I demonstrate that the manner of technological growth, embodied or disembodied, affects
the optimal choices of actors in an economy. Since their choices affect the equilibrium or the
transition to equilibrium, the form of technological growth can have important implications for

the central questions in growth economics.
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Appendix 1. Vintage Capital Cobb-Douglas Production M aximization
At each instant, a static optimization takes place in which given the stocks of technology,
labor, and capital, labor must be allocated to the spectrum of vintages of capital in order to

maximize production. The formal production maximization problem is

\%
Maximize Y= [ APNK*dv 0<0,,0,,0, <l
v=0

over N,

subject to: (95)
N, =0

\%
[Nav<N

v=0
V is the newest vintage available. A, is the level of technology associated with vintage v. N, ,
the sole choice variable, is the quantity of labor assigned to capital of vintage v. N is the total
amount of labor available. K, is the amount of capital of vintage v available. Assume that the
function g(v) = AJ*K/« is a positive, bounded, measurable function.

At a solution, the total labor constraint will hold with equality since the objective
function rewards the use of labor with each vintage and there is no cost of using labor. It is also

true that at a solution N, >0 almost everywhere, because the marginal product of labor of each
vintage goes to infinity as N, goes to zero.

First I will show that N, >0 a.e. Let D and E be sets of equal positive measure, where
D,EU[,V], with N, >0 and finite for vLID ; and N, =0 for VLJE. It will be shown there
exists an € >0 such that shifting & from each N, to N, which is feasible, results in an

increase in production.



29

The addition and reduction to production from the shift of £ are LDE g(v)e’ dv and

LDD a(v) ( NJY =(N, —&)™ )dv respectively. Let € =asup N, =aN , where a is a scalar and
viD

N =sup N,. The supremum exists since D is a compact set. Let G=supg(v), g = I\EE av),
viD vaD

and m(D) equal the measure of set D.
[ 9N =(N, =)™ )dv=[ g)(N =(N, =aN)* ) v
< LDDG(N”N ~(N -aN)* ) dv
=GN (1-(1-a)” ) (D)

LDEg(v)g vdv = LEg(v)(aN) v dv
> LDE ga’™ N“"dv
=ga”™ N (D)

Thus, LDE g(v)eNdv > L . g(v)(NV"N -(N, — &)™ )dv if ga”™ > G(l -1 -a)™ ) This statement

ON 4N

is true if a—g > 9 This inequality is true for small enough &, since a—a — 00 as
I-d-a)™ g I-1-a)™

a — 0. Therefore, since E was an arbitrary set, there can be no set of positive measure such that
the labor applied to the vintages of that set equals zero.
The lagrangian for (95) is:

\% \%
L(N;A) = [ AN KV"Kdv+/\[N - jNVdvj (96)

v=0 v=0

A representative first order condition is:

oL 4
— =0 ANVKT =1 =0 97
aNV NA/ Y \Y ( )
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(97) must hold almost everywhere, and an equality can be used instead of an inequality because
N, >0 a.e. at a solution. (97) states that the marginal product of labor of each vintage must be
equal to the shadow value of labor. Labor, being homogeneous, has a unique shadow value
regardless of the vintage to which it is applied. Setting two first order conditions for different

vintages equal to each other we obtain:
AU'A NiJN‘lKiUK = ,AJFTA NJ_UN _IKJ_UK (98)
Solving for N,

Oa Ok

3 i 1-oy ﬁ 1-oy
SEROR

This equation must hold true for every i given fixed A;, N;, and K. Therefore, integrating

over the N;:

\Y g

N. Y, A Ik
N= [Ndi =———— [A™"K'di (100)
i=0 A}—TNKJ;—UN i=0

Solving for N; in terms of the given parameters we obtain a closed form solution for each

choice variable. This solution must hold almost everywhere.

Oa Ik

. NAJ.I"’N K}“’N

(101)

\Y Ia Ik
j AN K N

i=0

J

Let

Oa Ik

Q= [A™K!di (102)
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Q can be viewed as an aggregated capital stock with the weights of each vintage a function of the

technology inherent in each vintage and the production elasticities.

Substituting NT into the direct production function, we obtain the indirect production

function, which is a function only of given parameters.

On

Y 1—;N 1ng
Y (AN,K,0,,0,,0)= [ AK NA K gy
vz Q
\% Oa Ok
=NQ ™ [ ATK, ™ dv (103)

v=0

=N ay QI—UN



TABLES
Table 1. Benchmark parameter values: AK research sector
p JK 5A JK
.03 015 35 .01 .05

Table 2. Labor Allocation to Final Goods (m), benchmark parameters,
AK research sector, non-vintage capital

g\y 0.5 1 15 2 25 3 3.5 4 45 5
001 | 2025 | 195 | 1625 | 1.4625 | 1.365 13 | 12536 | 12188 | 11017 | 117
003 | 03083 | 065 | 0.7639 | 0.8208 | 0.855 | 0.8778 | 0.8904 | 0.9063 | 0.9157 | 0.9233
005 | -0215 | 039 | 05917 | 0.6925 | 0753 | 0.7933 | 0.8221 | 0.8438 | 0.8606 | 0.874
0.07 | -0.4393 | 0.2786 | 0.5179 | 0.6375 | 0.7093 | 0.7571 | 0.7913 | 0.817 | 0.8369 | 0.8529
0.09 | -0.5639 | 0.2167 | 0.4769 | 0.6069 | 0.685 | 0.737 | 0.7742 | 0.8021 | 0.8238 | 0.8411
011 | -0.6432 | 0.1773 | 0.4508 | 0.5875 | 0.6695 | 0.7242 | 0.7633 | 0.7926 | 0.8154 | 0.8336
013 | -0.6981 | 015 | 0.4327 | 0574 | 0.6588 | 0.7154 | 0.7558 | 0.7861 | 0.8096 | 0.8285
015 | -0.7383 | 013 | 0.4194 | 05642 | 0.651 | 0.7089 | 0.7502 | 0.7812 | 0.8054 | 0.8247
017 | -0.7601 | 0.1147 | 0.4093 | 0.5566 | 0.645 | 0.7039 | 0.746 | 0.7776 | 0.8021 | 0.8218
019 | -0.7934 | 0.1026 | 0.4013 | 05507 | 0.6403 | 07 | 0.7427 | 0.7747 | 0.7996 | 0.8195
021 | -0.8131 | 0.0929 | 0.3948 | 0.5458 | 0.6364 | 0.6968 | 0.74 | 0.7723 | 0.7975 | 0.8176
023 | -0.8203 | 0.0848 | 0.3895 | 0.5418 | 0.6333 | 0.6942 | 0.7377 | 0.7704 | 0.7958 | 0.8161
025 | -0.843 | 0.078 | 0385 | 05385 | 0.6306 | 0.692 | 0.7359 | 0.7688 | 0.7943 | 0.8148
027 | -0.8546 | 0.0722 | 0.3812 | 0.5356 | 0.6283 | 0.6901 | 0.7343 | 0.7674 | 0.7931 | 0.8137
029 | -0.8647 | 0.0672 | 0.3779 | 0.5332 | 0.6264 | 0.6885 | 0.7329 | 0.7662 | 0.792 | 0.8128
031 | -0.8734 | 0.0629 | 0.375 | 0531 | 0.6247 | 0.6871 | 0.7317 | 0.7651 | 0.7911 | 0.8119
033 | -0.8811 | 0.0501 | 0.3725 | 0.5292 | 0.6232 | 0.6859 | 0.7306 | 0.7642 | 0.7903 | 0.8112
035 | -0.8879 | 0.0557 | 0.3702 | 0.5275 | 0.6219 | 0.6848 | 0.7297 | 0.7634 | 0.7896 | 0.8106

32



Table 3. Labor Allocation to Final Goods (m), no depreciation,
AK research sector, non-vintage capital
g\y | os 1 15 2 25 3 35 4 45 5
0.01 1.925 195 | 19583 | 1.9625 | 1.965 | 1.9667 | 1.9679 | 1.9688 | 1.9694 | 1.97
003 | 0025 | 065 | 0875 | 0.9875 | 1.055 1.1 11321 | 11563 | 1175 | 1.19
005 | 0415 | 039 | 06583 | 0.7925 | 0.873 | 0.9267 | 0.965 | 0.9938 | 1.0161 | 1.034
007 | 05821 | 0.2786 | 0.5655 | 0.7089 | 0.795 | 0.8524 | 0.8934 | 0.9241 | 0.948 | 0.9671
009 | 0675 | 0.2167 | 05139 | 0.6625 | 0.7517 | 0.8111 | 0.8536 | 0.8854 | 0.9102 | 0.93
011 | -07341 | 01773 | 0.4811 | 0633 | 0.7241 | 0.7848 | 0.8282 | 0.8608 | 0.8861 | 0.9064
013 | 0775 | 015 | 0.4583 | 0.6125 | 0.705 | 0.7667 | 0.8107 | 0.8437 | 0.8694 | 0.89
015 | 0805 | 013 | 0.4417 | 05975 | 0.691 | 0.7533 | 0.7979 | 0.8312 | 0.8572 | 0.878
017 | 08279 | 0.1147 | 0.4289 | 0586 | 0.6803 | 0.7431 | 0.788 | 0.8217 | 0.8479 | 0.8688
019 | -08461 | 0.1026 | 0.4189 | 0577 | 0.6718 | 0.7351 | 0.7803 | 0.8141 | 0.8405 | 0.8616
021 | -0.8607 | 0.0929 | 0.4107 | 0.5696 | 0.665 | 0.7286 | 0.774 | 0.808 | 0.8345 | 0.8557
023 | 08728 | 0.0848 | 0.404 | 0.5636 | 0.6593 | 0.7232 | 0.7688 | 0.803 | 0.8296 | 0.8509
025 | 0883 | 0078 | 0.3983 | 0.5585 | 0.6546 | 0.7187 | 0.7644 | 0.7988 | 0.8254 | 0.8468
027 | -0.8917 | 0.0722 | 0.3935 | 0.5542 | 0.6506 | 0.7148 | 0.7607 | 0.7951 | 0.8219 | 0.8433
029 | -0.8991 | 0.0672 | 0.3894 | 0.5504 | 0.6471 | 0.7115 | 0.7575 | 0.792 | 0.8189 | 0.8403
031 | -0.9056 | 0.0629 | 0.3858 | 0.5472 | 0.644 | 0.7086 | 0.7547 | 0.7893 | 0.8162 | 0.8377
033 | 09114 | 0.0591 | 0.3826 | 0.5443 | 0.6414 | 0.7061 | 0.7523 | 0.7869 | 0.8139 | 0.8355
035 | -0.9164 | 0.0557 | 0.3798 | 0.5418 | 0.639 | 0.7038 | 0.7501 | 0.7848 | 0.8118 | 0.8334
Table 4. Savings Rate (S), benchmark parameters,
AK research sector, non-vintage capital

g\V | os 1 15 2 25 3 35 4 45 5
0.01 0 0 0 0 0 0 0 0 0 0
003 | 0298 | 02404 | 0.2212 | 0.2115 | 0.2058 | 0.2019 | 0.1992 | 0.1971 | 0.1955 | 0.1943
0.05 0 0.267 | 02241 | 0.2027 | 0.1898 | 0.1812 | 0.1751 | 0.1705 | 0.1669 | 0.164
0.07 0 02833 | 02259 | 01972 | 0.8 | 0.1686 | 0.1604 | 0.1542 | 0.1495 | 0.1456
0.09 0 0.2942 | 0.2271 | 0.1936 | 0.1735 | 0.1601 | 0.1505 | 0.1433 | 0.1377 | 0.1333
0.11 0 0302 | 0228 | 0191 | 0.1688 | 0.154 | 0.1434 | 0.1355 | 0.1293 | 0.1244
0.13 0 03079 | 02287 | 0.189 | 0.1652 | 0.1494 | 0.1381 | 0.1296 | 0.123 | 0.1177
0.15 0 03126 | 0.2292 | 0.1875 | 0.1625 | 0.1458 | 0.1339 | 0.1249 | 0.118 | 0.1124
0.17 0 0.3163 | 0.2296 | 0.1862 | 0.1602 | 0.1429 | 0.1305 | 0.1212 | 0.114 | 0.1082
0.19 0 03193 | 0.2299 | 0.1852 | 0.1584 | 0.1406 | 0.1278 | 0.1182 | 0.1108 | 0.1048
0.21 0 03218 | 0.2302 | 0.1844 | 0.1569 | 0.1386 | 0.1255 | 0.1157 | 0.108 | 0.1019
0.23 0 0324 | 0.2304 | 0.1837 | 0.1556 | 0.1369 | 0.1235 | 0.1135 | 0.1057 | 0.0995
0.25 0 0.3258 | 0.2306 | 0.1831 | 0.1545 | 0.1355 | 0.1219 | 0.1117 | 0.1037 | 0.0974
0.27 0 0.3274 | 0.2308 | 0.1825 | 0.1535 | 0.1342 | 0.1204 | 0.1101 | 0.102 | 0.0956
0.29 0 03288 | 0.231 | 0.821 | 0.1527 | 0.1331 | 0.1192 | 0.1087 | 0.1005 | 0.094
0.31 0 03301 | 02311 | 01816 | 0152 | 0.1322 | 0.118 | 0.1074 | 0.0992 | 0.0926
0.33 0 03312 | 02312 | 0813 | 0.1513 | 0.1313 | 0.117 | 0.1063 | 0.098 | 0.0914
0.35 0 03321 | 02313 | 0181 | 0.1507 | 0.1306 | 0.1162 | 0.1054 | 0.097 | 0.0902
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Table 5. Savings Rate (S), no depreciation,
AK research sector, non-vintage capital

g\y | os 1 15 2 25 3 35 4 45 5

0.01 0 0 0 0 0 0 0 0 0 0

0.03 0 0.1783 | 0.1189 | 0.0892 0 0 0 0 0 0

0.05 0 0.2358 | 0.1572 | 0.1179 | 0.0943 | 0.0786 | 0.0674 | 0.0589 0 0

0.07 0 0.2644 | 0.1763 | 0.1322 | 0.1058 | 0.0881 | 0.0755 | 0.0661 | 0.0588 | 0.0529
0.09 0 0.2816 | 0.1877 | 0.1408 | 0.1126 | 0.0939 | 0.0805 | 0.0704 | 0.0626 | 0.0563
0.11 0 0293 | 0.1953 | 0.1465 | 0.1172 | 0.0977 | 0.0837 | 0.0733 | 0.0651 | 0.0586
0.13 0 0.3012 | 0.2008 | 0.1506 | 0.1205 | 0.1004 | 0.086 | 0.0753 | 0.0669 | 0.0602
0.15 0 0.3073 | 0.2049 | 0.1536 | 0.1229 | 0.1024 | 0.0878 | 0.0768 | 0.0683 | 0.0615
0.17 0 0312 | 0208 | 0156 | 0.1248 | 0.104 | 0.0892 | 0.078 | 0.0693 | 0.0624
0.19 0 0.3158 | 0.2106 | 0.1579 | 0.1263 | 0.1053 | 0.0902 | 0.079 | 0.0702 | 0.0632
0.21 0 0.3189 | 0.2126 | 0.1595 | 0.1276 | 0.1063 | 0.0911 | 0.0797 | 0.0709 | 0.0638
0.23 0 0.3215 | 0.2144 | 0.1608 | 0.1286 | 0.1072 | 0.0919 | 0.0804 | 0.0715 | 0.0643
0.25 0 03237 | 0.2158 | 0.1619 | 0.1295 | 0.1079 | 0.0925 | 0.0809 | 0.0719 | 0.0647
0.27 0 03256 | 0.2171 | 0.1628 | 0.1302 | 0.1085 | 0.093 | 0.0814 | 0.0724 | 0.0651
0.29 0 0.3272 | 0.2182 | 0.1636 | 0.1309 | 0.1091 | 0.0935 | 0.0818 | 0.0727 | 0.0654
0.31 0 0.3287 | 0.2191 | 0.1643 | 0.1315 | 0.1096 | 0.0939 | 0.0822 | 0.073 | 0.0657
0.33 0 03299 | 02199 | 0165 | 0132 | 011 | 0.0943 | 0.0825 | 0.0733 | 0.066
0.35 0 0331 | 02207 | 0.1655 | 0.1324 | 0.1103 | 0.0946 | 0.0828 | 0.0736 | 0.0662

Table 6. Growth Rate of Output (gy), benchmark parameters,
AK research sector, non-vintage capital

g\V | os 1 15 2 25 3 35 4 45 5

0.01 0 0 0 0 0 0 0 0 0 0

003 | 00315 | 0.0158 | 0.0105 | 0.0079 | 0.0063 | 0.0053 | 0.0045 | 0.0039 | 0.0035 | 0.0032
0.05 0 0.0465 | 0.031 | 0.0233 | 0.0186 | 0.0155 | 0.0133 | 0.0116 | 0.0103 | 0.0093
0.07 0 0.0773 | 0.0515 | 0.0387 | 0.0309 | 0.0258 | 0.0221 | 0.0193 | 0.0172 | 0.0155
0.09 0 01081 | 00721 | 0.054 | 0.0432 | 0036 | 0.0309 | 0.027 | 0.024 | 0.0216
0.11 0 0.1388 | 0.0926 | 0.0694 | 0.0555 | 0.0463 | 0.0397 | 0.0347 | 0.0309 | 0.0278
0.13 0 0.1696 | 0.1131 | 0.0848 | 0.0678 | 0.0565 | 0.0485 | 0.0424 | 0.0377 | 0.0339
0.15 0 0.2004 | 0.1336 | 0.1002 | 0.0802 | 0.0668 | 0.0573 | 0.0501 | 0.0445 | 0.0401
0.17 0 0.2312 | 0.1541 | 0.1156 | 0.0925 | 0.0771 | 0.066 | 0.0578 | 0.0514 | 0.0462
0.19 0 0.2619 | 0.1746 | 0.131 | 0.1048 | 0.0873 | 0.0748 | 0.0655 | 0.0582 | 0.0524
0.21 0 0.2927 | 0.1951 | 0.1463 | 0.1171 | 0.0976 | 0.0836 | 0.0732 | 0.065 | 0.0585
0.23 0 03235 | 0.2156 | 0.1617 | 0.1294 | 0.1078 | 0.0924 | 0.0809 | 0.0719 | 0.0647
0.25 0 0.3542 | 0.2362 | 0.1771 | 0.1417 | 0.1181 | 0.1012 | 0.0886 | 0.0787 | 0.0708
0.27 0 0385 | 0.2567 | 0.1925 | 0.154 | 0.1283 | 0.1 | 0.0963 | 0.0856 | 0.077
0.29 0 04158 | 0.2772 | 0.2079 | 0.1663 | 0.1386 | 0.1188 | 0.1039 | 0.0924 | 0.0832
0.31 0 04465 | 0.2977 | 0.2233 | 0.1786 | 0.1488 | 0.1276 | 0.1116 | 0.0992 | 0.0893
0.33 0 04773 | 03182 | 0.2387 | 0.1909 | 0.1591 | 0.1364 | 0.1193 | 0.1061 | 0.0955
0.35 0 05081 | 0.3387 | 0.254 | 0.2032 | 0.1694 | 0.1452 | 0.127 | 0.1129 | 0.1016
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Table 7. Growth Rate of Output (gy), no depreciation,
AK research sector, non-vintage capital

g\V | os 1 15 2 25 3 35 4 45 5
0.01 0 0 0 0 0 0 0 0 0 0
0.03 0 0.0312 | 0.0208 | 0.0156 0 0 0 0 0 0
0.05 0 0.0619 | 00413 | 0.031 | 0.0248 | 0.0206 | 0.0177 | 0.0155 0 0
0.07 0 0.0927 | 0.0618 | 0.0463 | 0.0371 | 0.0309 | 0.0265 | 0.0232 | 0.0206 | 0.0185
0.09 0 01235 | 0.0823 | 0.0617 | 0.0494 | 0.0412 | 0.0353 | 0.0309 | 0.0274 | 0.0247
0.11 0 0.1542 | 0.1028 | 0.0771 | 0.0617 | 0.0514 | 0.0441 | 0.0386 | 0.0343 | 0.0308
0.13 0 0185 | 0.1233 | 0.0925 | 0.074 | 0.0617 | 0.0529 | 0.0463 | 0.0411 | 0.037
0.15 0 0.2158 | 0.1438 | 0.1079 | 0.0863 | 0.0719 | 0.0616 | 0.0539 | 0.0479 | 0.0432
0.17 0 0.2465 | 0.1644 | 0.1233 | 0.0986 | 0.0822 | 0.0704 | 0.0616 | 0.0548 | 0.0493
0.19 0 0.2773 | 0.1849 | 0.1387 | 0.1109 | 0.0924 | 0.0792 | 0.0693 | 0.0616 | 0.0555
0.21 0 03081 | 02054 | 0.154 | 0.1232 | 0.1027 | 0.088 | 0.077 | 0.0685 | 0.0616
0.23 0 0.3388 | 0.2259 | 0.1694 | 0.1355 | 0.1129 | 0.0968 | 0.0847 | 0.0753 | 0.0678
0.25 0 0.3696 | 0.2464 | 0.1848 | 0.1478 | 0.1232 | 0.1056 | 0.0924 | 0.0821 | 0.0739
0.27 0 0.4004 | 0.2669 | 0.2002 | 0.1602 | 0.1335 | 0.1144 | 0.1001 | 0.089 | 0.0801
0.29 0 04312 | 0.2874 | 0.2156 | 0.1725 | 0.1437 | 0.1232 | 0.1078 | 0.0958 | 0.0862
0.31 0 04619 | 03079 | 0231 | 0.1848 | 0154 | 0.132 | 0.1155 | 0.1026 | 0.0924
0.33 0 04927 | 0.3285 | 0.2463 | 0.1971 | 0.1642 | 0.1408 | 0.1232 | 0.1095 | 0.0985
0.35 0 05235 | 0.349 | 0.2617 | 0.2094 | 0.1745 | 0.1496 | 0.1309 | 0.1163 | 0.1047

Table 8. Labor Allocation to Final Goods (m), benchmark parameters,
AK research sector, vintage capital

g\V | os 1 15 2 25 3 35 4 45 5
0.01 0 0 0 0 0 0 0 0 1.4019 | 1.3168
003 | 0.4504 0 0 0 0 0 0 1.0729 | 1.0535 | 1.0426
005 | 01924 | 0.4759 | 0.7732 | 0.9036 | 0.9544 | 0.9725 | 0.98 | 0.9839 | 0.9862 | 0.9878
0.07 | -0.3609 | 0.3146 | 0.6314 | 0.7857 | 0.865 | 0.908 | 0.9327 | 0.9477 | 0.9575 | 0.9643
009 | -0445 | 0.2368 | 0.5663 | 0.7333 | 0.8238 | 0.8759 | 0.9076 | 0.928 | 0.9416 | 0.9513
011 | -04957 | 0.1902 | 05277 | 0.7021 | 0.7989 | 0.8562 | 0.892 | 0.9155 | 0.9315 | 0.943
013 | 05297 | 0.159 | 05018 | 0.6813 | 0.7823 | 0.8429 | 0.8813 | 0.9069 | 0.9246 | 0.9372
015 | -0554 | 0.1366 | 0.4833 | 0.6663 | 0.7703 | 0.8332 | 0.8736 | 0.9006 | 0.9194 | 0.933
017 | -05724 | 0.1198 | 0.4694 | 0.6551 | 0.7612 | 0.8259 | 0.8677 | 0.8958 | 0.9155 | 0.9298
019 | -0.5866 | 0.1066 | 0.4585 | 0.6463 | 0.7541 | 0.8202 | 0.863 | 0.892 | 0.9124 | 0.9273
021 | -05981 | 0.0961 | 0.4498 | 0.6392 | 0.7484 | 0.8156 | 0.8593 | 0.889 | 0.9099 | 0.9252
023 | -0.6075 | 0.0875 | 0.4426 | 0.6334 | 0.7437 | 0.8118 | 0.8562 | 0.8864 | 0.9079 | 0.9235
025 | -0.6153 | 0.0803 | 0.4367 | 0.6286 | 0.7398 | 0.8086 | 0.8536 | 0.8843 | 0.9061 | 0.9221
027 | -06219 | 0.0742 | 0.4316 | 0.6245 | 0.7365 | 0.8059 | 0.8514 | 0.8825 | 0.9046 | 0.9209
029 | 06276 | 0.0689 | 0.4273 | 0.621 | 0.7336 | 0.8036 | 0.8495 | 0.881 | 0.9034 | 0.9198
031 | 06326 | 0.0644 | 0.4235 | 0.6179 | 0.7311 | 0.8016 | 0.8479 | 0.8796 | 0.9023 | 0.9189
033 | -0.6369 | 0.0604 | 0.4202 | 0.6152 | 0.729 | 0.7998 | 0.8464 | 0.8784 | 0.9013 | 0.9181
035 | -0.6407 | 0.0568 | 0.4173 | 0.6129 | 0.727 | 0.7983 | 0.8451 | 0.8774 | 0.9004 | 0.9174
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Table 9. Labor Allocation to Final Goods (m), no depreciation,
AK research sector, vintage capital

g\y | os 1 15 2 25 3 35 4 45 5
0.01 0 0 0 0 0 0 0 0 0 0
0.03 | -0.0246 0 0 0 0 0 0 0 0 0
0.05 | -0.3437 | 0.4806 0 0 0 0 0 0 0 0
0.07 | -0.4567 | 0.3156 | 0.7379 0 0 0 0 0 0 0
009 | -05154 | 0.2372 | 0.6328 | 0.8833 0 0 0 0 0 0
011 | -05514 | 0.1904 | 05775 | 0.7974 0 0 0 0 0 0
013 | -05757 | 0.1591 | 05419 | 0.755 | 0.893 0 0 0 0 0
015 | 05933 | 0.1367 | 0.517 | 0.7271 | 0.8561 0 0 0 0 0
0.17 | -0.6066 | 0.1198 | 0.4984 | 0.7069 | 0.8327 | 0.9199 0 0 0 0
019 | -06169 | 0.1067 | 0.4841 | 0.6916 | 0.8158 | 0.898 0 0 0 0
021 | -0.6253 | 0.0961 | 0.4726 | 0.6795 | 0.8028 | 0.8829 | 0.9426 0 0 0
023 | 06322 | 0.0875 | 0.4633 | 0.6697 | 0.7924 | 0.8713 | 0.9273 0 0 0
025 | -0.6379 | 0.0803 | 0.4555 | 0.6616 | 0.7839 | 0.8622 | 0.9164 | 0.9605 0 0
027 | -0.6428 | 0.0742 | 0.4489 | 0.6548 | 0.7768 | 0.8546 | 0.908 | 0.9483 0 0
029 | -0.6469 | 0.0689 | 0.4433 | 0.6489 | 0.7708 | 0.8483 | 0.9011 | 0.9398 | 0.9762 0
031 | -0.6506 | 0.0644 | 0.4384 | 0.6439 | 0.7656 | 0.8429 | 0.8953 | 0.9332 | 0.9641 0
033 | -0.6538 | 0.0604 | 0.4341 | 0.6395 | 0.7611 | 0.8383 | 0.8904 | 0.9277 | 0.9568 0
035 | -0.6566 | 0.0569 | 0.4304 | 0.6356 | 0.7572 | 0.8342 | 0.8861 | 0.9231 | 0.9513 | 0.977
Table 10. Savings Rate (S), benchmark parameters,
AK research sector, vintage capital
g\V | os 1 15 2 25 3 35 4 45 5
0.01 0 0 0 0 0 0 0 0 0 0
003 | 0.2948 0 0 0 0 0 0 0 0 0
0.05 0 0.2868 | 0.2268 | 0.1865 | 0.1654 | 0.1566 | 0.1527 | 0.1506 | 0.1493 | 0.1484
0.07 0 0.3099 | 0.2556 | 0.218 | 0.1924 | 0.1755 | 0.1644 | 0.1568 | 0.1516 | 0.1478
0.09 0 0.3203 | 0.267 | 0.2294 | 0.2026 | 0.1836 | 0.1699 | 0.1601 | 0.1528 | 0.1474
0.11 0 0.3263 | 0.2735 | 0.2357 | 0.2083 | 0.1882 | 0.1733 | 0.1621 | 0.1536 | 0.1471
0.13 0 0.3302 | 0.2777 | 02398 | 0212 | 0.1912 | 0.1755 | 0.1635 | 0.1542 | 0.1469
0.15 0 03331 | 0.2806 | 0.2427 | 0.2145 | 0.1933 | 0.1771 | 0.1645 | 0.1546 | 0.1468
0.17 0 0.3352 | 0.2828 | 0.2448 | 0.2164 | 0.1949 | 0.1782 | 0.1652 | 0.1549 | 0.1467
0.19 0 0.3368 | 0.2845 | 0.2464 | 0.2179 | 0.1961 | 0.1792 | 0.1658 | 0.1552 | 0.1466
0.21 0 03381 | 0.2859 | 0.2477 | 0.2191 | 0.1971 | 0.1799 | 0.1663 | 0.1554 | 0.1465
0.23 0 03392 | 0287 | 02488 | 022 | 0.1979 | 0.1805 | 0.1667 | 0.1555 | 0.1465
0.25 0 0.3401 | 0.2879 | 0.2497 | 0.2208 | 0.1986 | 0.181 | 0.167 | 0.1557 | 0.1464
0.27 0 0.3409 | 0.2886 | 0.2504 | 0.2215 | 0.1991 | 0.1815 | 0.1673 | 0.1558 | 0.1464
0.29 0 0.3415 | 0.2893 | 0.2511 | 0.2221 | 0.1996 | 0.1818 | 0.1675 | 0.1559 | 0.1463
0.31 0 03421 | 0.2899 | 0.2516 | 02226 | 0.2 | 0821 | 0.1677 | 0.156 | 0.1463
0.33 0 0.3426 | 0.2904 | 0.2521 | 0.223 | 0.2004 | 0.1824 | 0.1679 | 0.1561 | 0.1463
0.35 0 0343 | 02908 | 0.2525 | 0.2234 | 0.2007 | 0.1827 | 0.1681 | 0.1561 | 0.1462




Table 11. Savings Rate (S), no depreciation,

AK research sector, vintage capital

g\y | os 1 15 2 25 3 35 4 45 5
0.01 0 0 0 0 0 0 0 0 0 0
0.03 0 0 0 0 0 0 0 0 0 0
0.05 0 0.284 0 0 0 0 0 0 0 0
0.07 0 0.3089 | 0.2273 0 0 0 0 0 0 0
0.09 0 03197 | 0.2513 | 0.175 0 0 0 0 0 0
0.11 0 0.3259 | 0.2624 | 0.2057 0 0 0 0 0 0
0.13 0 033 | 0269 | 02179 | 0.1658 0 0 0 0 0
0.15 0 0.3329 | 0.2735 | 0.2252 | 0.1812 0 0 0 0 0
0.17 0 03351 | 0.2768 | 0.2303 | 0.1898 | 0.1482 0 0 0 0
0.19 0 0.3367 | 02793 | 0.234 | 0.1956 | 0.1595 0 0 0 0
0.21 0 03381 | 0.2812 | 0.2368 | 0.1998 | 0.1665 | 0.1308 0 0 0
0.23 0 0.3391 | 0.2828 | 0.2391 | 0.2031 | 0.1715 | 0.1406 0 0 0
0.25 0 0.3401 | 0.2841 | 0.2409 | 0.2057 | 0.1752 | 0.1468 | 0.1142 0 0
0.27 0 0.3408 | 0.2852 | 0.2425 | 0.2078 | 0.1782 | 0.1513 | 0.1238 0 0
0.29 0 0.3415 | 0.2862 | 0.2437 | 0.2095 | 0.1806 | 0.1548 | 0.1298 | 0.0962 0
0.31 0 0342 | 0287 | 02448 | 0211 | 0.1827 | 0.1577 | 0.1342 | 0.1084 0
0.33 0 0.3425 | 0.2877 | 0.2458 | 0.2123 | 0.1844 | 0.16 | 0.1376 | 0.1147 0
0.35 0 0343 | 02883 | 0.2466 | 0.2134 | 0.1858 | 0.162 | 0.1403 | 0.1191 | 0.0929
Table 12. Growth Rate of Output (gy), benchmark parameters,
AK research sector, vintage capital
g\V | os 1 15 2 25 3 35 4 45 5
0.01 0 0 0 0 0 0 0 0 0 0
003 | 0.025 0 0 0 0 0 0 0 0 0
0.05 0 0.0399 | 00171 | 0.007 | 0.0031 | 0.0017 | 0.0012 | 0.0009 | 0.0007 | 0.0006
0.07 0 0.0734 | 0.0393 | 0.0227 | 0.0141 | 0.0095 | 0.0069 | 0.0052 | 0.0042 | 0.0035
0.09 0 0.1053 | 0.0597 | 0.0365 | 0.024 | 0.0168 | 0.0124 | 0.0096 | 0.0077 | 0.0064
0.11 0 0.1367 | 00796 | 005 | 0.0336 | 0.0239 | 0.0179 | 0.0139 | 0.0112 | 0.0093
0.13 0 0.1678 | 0.0993 | 0.0634 | 0.0432 | 0.031 | 0.0233 | 0.0182 | 0.0147 | 0.0122
0.15 0 0.1989 | 0.1189 | 0.0766 | 0.0526 | 0.0381 | 0.0288 | 0.0226 | 0.0182 | 0.0151
0.17 0 0.2298 | 0.1384 | 0.0898 | 0.0621 | 0.0451 | 0.0342 | 0.0269 | 0.0217 | 0.018
0.19 0 0.2607 | 0.1579 | 0.103 | 0.0715 | 0.0522 | 0.0397 | 0.0312 | 0.0252 | 0.0209
0.21 0 0.2916 | 0.1774 | 0.1162 | 0.0809 | 0.0592 | 0.0451 | 0.0355 | 0.0287 | 0.0238
0.23 0 0.3225 | 0.1968 | 0.1293 | 0.0903 | 0.0662 | 0.0505 | 0.0398 | 0.0322 | 0.0267
0.25 0 0.3534 | 0.2163 | 0.1425 | 0.0997 | 0.0732 | 0.0559 | 0.0441 | 0.0357 | 0.0296
0.27 0 0.3842 | 0.2357 | 0.1556 | 0.1091 | 0.0802 | 0.0613 | 0.0484 | 0.0392 | 0.0325
0.29 0 0415 | 0.2551 | 0.1687 | 0.1185 | 0.0872 | 0.0668 | 0.0527 | 0.0427 | 0.0354
0.31 0 04458 | 0.2746 | 0.1818 | 0.1278 | 0.0942 | 0.0722 | 0.057 | 0.0462 | 0.0383
0.33 0 04767 | 0294 | 0195 | 01372 | 0.1012 | 0.0776 | 0.0613 | 0.0497 | 0.0412
0.35 0 05075 | 0.3134 | 0.2081 | 0.1466 | 0.1082 | 0.083 | 0.0656 | 0.0532 | 0.0441
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Table 13. Growth Rate of Output (gy), no depreciation,
AK research sector, vintage capital

g\V | os 1 15 2 25 3 35 4 45 5
0.01 0 0 0 0 0 0 0 0 0 0
0.03 0 0 0 0 0 0 0 0 0 0
0.05 0 0.055 0 0 0 0 0 0 0 0
0.07 0 0.0887 | 0.0432 0 0 0 0 0 0 0
0.09 0 0.1206 | 0.0658 | 0.0312 0 0 0 0 0 0
0.11 0 0152 | 0.0865 | 0.0493 0 0 0 0 0 0
0.13 0 0.1832 | 0.1066 | 0.064 | 0.0364 0 0 0 0 0
0.15 0 0.2142 | 0.1265 | 0.078 | 0.0482 0 0 0 0 0
0.17 0 0.2452 | 0.1462 | 0.0916 | 0.0587 | 0.0359 0 0 0 0
0.19 0 0.2761 | 0.1658 | 0.1051 | 0.0688 | 0.0448 0 0 0 0
0.21 0 0307 | 0.1854 | 0.1185 | 0.0787 | 0.0528 | 0.0335 0 0 0
0.23 0 0.3379 | 0.2049 | 0.1319 | 0.0885 | 0.0605 | 0.0407 0 0 0
0.25 0 0.3687 | 0.2244 | 0.1452 | 0.0981 | 0.068 | 0.0471 | 0.0302 0 0
0.27 0 0.3996 | 0.2439 | 0.1584 | 0.1077 | 0.0754 | 0.0532 | 0.0365 0 0
0.29 0 04304 | 02634 | 0.1716 | 0.1173 | 0.0827 | 0.0591 | 0.0418 | 0.0256 0
0.31 0 04612 | 0.2828 | 0.1848 | 0.1268 | 0.0899 | 0.0649 | 0.0469 | 0.0321 0
0.33 0 0492 | 03023 | 0198 | 0.1363 | 0.0971 | 0.0707 | 0.0517 | 0.0369 0
0.35 0 05228 | 0.3217 | 0.2112 | 0.1458 | 0.1043 | 0.0763 | 0.0564 | 0.0412 | 0.0274

Table 14. Benchmark parameter values, Cobb-Douglas research sector
dY dA JA UN JK ,7A ,7N p n 5A JK
1 1 3 .6 K .6 .5 .04 015 | .01 .05

Table 15. Equilibrium Values, benchmark parameters,
Cobb-Douglas research sector, non-vintage capital

y m S Oc-Ov:0k | Oa 9o 9

5 .8454 2911 0244 0188 -.0066 -.0122

1 .8775 2601 .0244 .0188 -.0188 -.0244

2 9135 2144 0244 0188 -.0431 -.0488

3 9331 1824 0244 0188 -.0675 -.0731

5 .9540 .1404 0244 0188 -.1163 -.1219
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Table 16. Equilibrium Values, no depreciation,
Cobb-Douglas research sector, non-vintage capital

Y m S Oc-%v:0k | Ua 9o 9
.5 .8828 .1868 0244 0188 -.0066 -.0122
1 9102 1515 .0244 .0188 -.0188 -.0244
2 9388 .1099 .0244 0188 -.0431 -.0488
3 9536 .0862 0244 .0188 -.0675 -.0731
5 9687 .0602 .0244 .0188 -.1163 -. 1219
Table 17. Equilibrium Values, benchmark parameters,
Cobb-Douglas research sector, vintage capital
y m S 9c» Gy 9a 9% o oA
.5 .8779 3043 .0244 .0188 .0384 -.0066 -.0263
1 9123 2754 0244 0188 .0384 -.0188 -.0384
2 .9480 2315 .0244 .0188 .0384 -.0431 -.0628
3 9655 .1996 0244 0188 .0384 -.0675 -.0872
5 9815 .1566 .0244 .0188 .0384 -.1163 -.1359
Table 18. Equilibrium Values, no depreciation,
Cobb-Douglas research sector, vintage capital
y m S 9c» Oy 9a Jo 9o 9n
.5 9285 2321 .0244 .0188 .0384 -.0066 -.0263
1 9539 .1960 0244 0188 .0384 -.0188 -.0384
2 9762 .1495 .0244 .0188 .0384 -.0431 -.0628
3 9855 1209 0244 0188 .0384 -.0675 -.0872
5 9930 .0874 0244 0188 .0384 -.1163 -.1359




40

References

Adams, James. (1990). “Fundamental Stocks of Knowledge and Productivity Growth.” The
Journal of Palitical Economy 98, 673-702.

Barro, R., Sala-I-Martin, X. (1992). “Convergence.” The Journal of Political Economy 100, 223-
251.

Berger, Brett D. (2001). “Convergence in Neoclassical Vintage Capital Growth Models.”
International Finance Discussion Papers, Board of Governors of the Federal Reserve System.

Number 713.

Eicher, T., Turnovsky, S. (1999). “Convergence in a Two-Sector Nonscale Growth Model.”
Journal of Economic Growth 4, 413-428.

Eicher, T., Turnovsky, S. (2001). “Transitional Dynamics in a Two-Sector Nonscale Growth
Model.” Journal of Economic Dynamics and Control 25, 85-113.

Greenwood, J., Z. Hercowitz, and P. Krussel. (1997). “Long-Run Implications of Investment-
Specific Technological Change.” The American Economic Review 87, 342-362.

Jones, C. 1. (1995). “R & D-Based Models of Economic Growth.” The Journal of Political
Economy 103, 759-784.

Phelps, Edmund S. (1962). “The New View of Investment: A Neoclassical Analysis.” Quarterly
Journal of Economics 76, 548-567.

Phelps, Edmund S. (1963). “Substitution, Fixed Proportions, Growth and Distribution.”
International Economic Review 4, 265-288.

Ramanathan, R. (1973). “Adjustment Time in the Two-Sector Growth Model with Fixed
Coefficients.” The Economic Journal 83, 1236-1244.

Romer, David (1996). Advanced Macroeconomics. McGraw Hill.

Solow, Robert M. (1959). “Investment and Technical Progress.” Stanford Symposium on
Mathematical Methods in the Social Sciences, 89-104.

Solow, R., J. Tobin, C. von Weizsidcker, and M. Yaari. (1966). “Neoclassical Growth with Fixed
Factor Proportions.” Review of Economic Sudies 33, 79-155.



